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Introduction 
For  the past  two years we have  been using an analyt ic  
approximat ion  to the atomic scat ter ing factor suggested 
by  Steinfink (1957),* 

f0 (x) = e x p  (Z, anXn), (1) 

where  f0 is the t empera ture -uncor rec ted  atomic scat ter ing 
factor  and x = s i n  0/~. This m a y  be wr i t ten  as 

logef0 (x) = ~ a~x n , (2) 
n 

i.e., a polynomial  of the n t h  degree in x. This funct ion 
has been found to have  the following impor tan t  advan-  
tages:  

(a) The evaluat ion of the best parameters  is simple 
and s t ra ight forward  because of their  l inear form in 
equat ion  (2). 

(b) Unlike some other  analyt ic  approximat ions  (Vand, 
E i land  & Pepinsky,  1957; F r eeman  & Smith,  1958), 
funct ion (1) is no t  restr icted to the  Cu K s  scat ter ing 
range bu t  reproduces the scat ter ing curves tested with  
good accuracy  over the  entire Me K a  range. 

(e) The effect of the rmal  mot ion  on f0 can be simply 
in t roduced by subtract ion of the appropr ia te  t empera tu re  
factor B from a2, the coefficient of x 2. 

(d) I t  will be shown tha t  the un i t a ry  atomic scat ter ing 

factors f0 and  f ,  and  the quan t i ty  ~.f~j can be conveni- 

en t ly  approx imated  wi th  an expression of the form of 
equat ion  (1). 

Func t ion  (1) was tested on eleven a toms and ions. 
Two essentially different types of parameters ,  designated 
as least-squares parameters  and  unique polynomial  co- 
efficients, were de te rmined  in each case. 

Least-squares parameters 
To cover the entire scat ter ing range, a sixth-degree 
polynomial  was used as an exponent  in (1). s 0 was deter- 
mined  by  the  condit ion tha t  exp a 0 =f0 (0) = N  where  N 
is the n u m b e r  of electrons in the a tom or ion. The re- 
main ing  parameters  were de te rmined  by the usual least- 
squares technique minimizing the expression 

27 (los~/,-los~/o? 
t 

where  the  f0's are the  calculated values and  the  ft's are 
the t abu la ted  values fi t ted.  A s tandard  deviat ion,  a, 
given by  

(7----: m , 

t =  

* To our knowledge, Dr Hugo Steinfink of the Shell De- 
velopment Company, Houston, Texas, first used equation (l) 
to obtain a least-squares fit of certain atomic scattering fac- 
tors. His degree of fit is somewhat less than ours as he em- 
ployed a smaller number of parameters. 

revised form 14 September 1959) 

was used as a criterion of fit. The normal  equat ions were 
solved by  Crout 's  (1941) procedure,  including an i tera t ive  
process to reduce the  effect of rotmd-off error. One set 
of parameters  was der ived for a scat ter ing range suf- 
ficient to include Cu K a  radia t ion and a different set to 
include the larger Me Ka range. These parameters  are 
collected in Table 1 wi th  a, a/N and the  mean  relat ive 
error 

= ~ IJfo/folt/m. 
t = l  

Occasionally, the Mo K s  parameters  f i t ted the Cu K a  
range as well as the  parameters  directly derived for the  
smaller range. In  such cases, only the former  values are 
listed. 

Coefficients of unique polynomials 
Each  scat ter ing curve was divided into successive angular  
ranges containing six t abu la ted  points.  Each  such range 
was then  precisely f i t ted by a unique fifth-degree poly- 
nomial  in equat ion (1) containing,  in general,  six in- 
dependen t  constants ,  An overlap of ad jacent  ranges, 
usual ly by one point ,  was taken  to ensure cont inui ty  in 
the  values. The amoun t  of overlap was sometimes varied 
to obtain the best possible fit. These coefficients and 
their  range of applicabil i ty are presented in Table 2. 

Accuracy of representation 
The da ta  in Table 1 shows tha t  a sixth-degree polynomial  
is sufficient to give a good least-squares fit of f0 over a 
wide range of sin 0/2. The somewhat  larger deviat ions 
observed for C in the  Me Ka range and  C1- in bo th  ranges 
indicate tha t  occasionally a polynomial  exponent  of 
higher degree is required to obtain an equivalent  degree 
of accuracy  throughout .  Raising the degree of the  ex- 
ponent ,  however,  would no t  great ly  increase the  compu- 
tat ions necessary. The heavier  a toms and  ions fi t ted,  
which scat ter  significantly to large values of sin 0/2, are 
par t icular ly  well represented th roughou t  the entire Me K a  
range. This is i l lustrated in Table 3 for the typical  case 
of Zn. Here  we have  compared our calculated values of 
f0 for the Me Kc~ range with  the  t abu la ted  values and 
with the values calculated with the analytic appr0xima. 
tion of Forsy th  & Wells (1959). The relat ive errors are 
also listed. 

The unique fifth-degree polynomial  coefficients in 
Table 2 reproduce the  t abu la ted  fo values in the  ap- 
propr ia te  interval  wi thou t  error. An es t imat ion of the  
error due to polynomial  interpolat ion (Milne, 1949, pp. 
78ff.  and p. 128) wi th  a fif th-degree polynomial  in 
equat ion (2) showed tha t  in general  it  was insufficient 
to influence the last significant figure of f0. Therefore,  
the in terpola ted values derived from these coefficients 
are as accura te  as the t abu la ted  ones from which they  
are obtained.  
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T a b l e  2 .  Coefficients of unique fifth-degree polynomials 
R a n g e  of  

s i n  0/A 5o 51 53 5~ 

0"00 - 0 " 2 5  1 -79176  0 . 1 0 1 9 9 9  - -  1 9 . 7 4 0 6  3 3 . 4 8 9 8  
0"25 - 0 - 6 0  2-43441  - -  6 . 9 7 1 5 5  6 . 2 8 5 2 5  1 .36236  
0"50 - 1 - 0 0  1 .81768  - -  4 - 5 1 0 0 4  4 . 2 5 1 1 1  0 - 9 8 4 1 9 4  
0-80  - 1 " 3 0  0 . 4 2 2 2 7 8  0 . 9 2 6 5 9 0  - -  1 . 9 8 8 5 4  0 . 6 9 3 6 4 4  

0"00 - 0 - 2 5  1 .94591 - -  0 . 0 3 3 9 1 4 8  - -  11 .8993  - -  7 . 6 8 0 0 9  
0"25 - 0 " 6 0  2 . 1 1 4 0 2  - -  2 . 0 0 2 0 0  - -  5 . 4 4 3 8 4  - -  0 . 9 9 1 1 5 7  
0"50 - 1 - 0 0  3 . 3 7 3 8 0  - -  11 .1501 15 .6765  - -  8 . 5 5 0 2 8  
0-80  - 1 . 3 0  4 . 3 2 4 8 5  - - 1 3 . 1 3 7 1  15 .2879  - -  5 . 6 2 2 6 4  

0"00 - 0 - 2 5  2 . 0 7 9 4 4  - -  0 . 0 3 2 6 7 4 7  - -  9 . 5 4 4 9 7  - -  6 . 1 2 2 9 9  
0"25 - 0 " 6 0  1 .77179  4 .46131  - -  3 6 . 5 7 6 9  80-5341 
0"60 - 1 " 1 0  1 .87171 0 . 5 2 2 7 8 3  - -  13 .9071 25 .5511  
0"80 - 1 " 3 0  1 .82436  - -  3 . 1 7 2 9 6  2"31004  - -  0 . 4 3 2 6 1 4  

0 ' 0 0 0 - 0 " 3 9 8  2 .83321  0"549344  - -  33"2288 1 5 0 . 8 2 4  
0 " 3 9 8 - 0 " 7 9 6  2 -93948  - -  3 . 0 9 4 2 0  - -  0 . 0 3 9 7 0 2 6  12-7681 
0 " 6 3 7 - 1 " 0 3 5  1 . 9 6 2 3 0  0 . 7 5 5 1 3 7  - -  0 . 8 4 8 5 8 3  - -  2 . 4 1 3 1 6  
0 " 9 5 5 - 1 . 3 5 3  2 . 4 5 5 7 8  - -  1 .56126  1 .44170  - -  0 . 9 2 8 0 0 0  

0"00 - 0 " 2 5  2 . 8 9 0 3 7  0 . 0 7 1 0 7 3 5  - -  18 .6737  4 1 . 1 3 4 5  
0"25 - 0 " 6 0  3 . 9 0 7 0 6  - -  13 .3958  4 8 . 0 8 5 0  - -  103 .586  
0"60 - 1 " 1 0  2 . 0 1 2 1 9  1 .79054  - -  6 .68367  8 . 5 5 8 2 3  
0"80 - 1 - 3 0  0 . 5 0 8 2 7 6  6 . 1 4 4 3 0  - -  8 . 4 1 5 0 7  2 . 7 7 7 3 2  

0"00 - 0 " 2 5  3 . 2 5 8 1 0  - -  0 . 0 1 1 4 9 2 8  - -  4 . 7 9 7 7 4  - -  7 . 3 0 3 3 5  
0"15 - 0 " 4 0  3 .18731  1 .39426  - -  15 .7536  3 6 . 0 4 7 9  
0 .40  - 0 " 6 5  3 . 5 1 8 8 9  - -  1 .60293  - -  5 . 5 7 0 5 4  2 0 . 0 1 9 0  
0"65 - 0 " 9 0  8 . 6 0 0 5 9  - -  2 5 . 7 1 0 4  3 6 . 2 1 0 3  - -  1 2 . 4 1 9 6  
0"90 - 1 " 1 5  2 . 8 1 2 6 5  - -  0 . 1 4 2 9 9 5  - -  1 .17437  0 . 5 0 0 9 2 7  
1.05 - 1 " 3 0  2 .97851  - -  0 . 9 5 9 4 0 3  - -  0 . 0 4 1 9 7 0 9  - -  0 . 0 5 0 3 1 2 1  

0 " 0 0 0 - 0 " 3 9 8  3 . 3 3 2 2 0  - -  2 . 0 2 0 6 2  12-1975  - -  7 5 . 1 8 3 5  
0 " 0 8 0 - 0 " 4 7 7  3 . 3 0 6 7 9  - -  1 .29136  4 . 6 7 2 7 9  - -  39 -4646  
0 . 4 7 7 - 0 " 8 7 5  3 . 2 9 5 4 0  - -  1 .24967  - -  1 .59415  2 . 2 7 6 6 5  
0 . 6 3 7 - 1 - 0 3 5  3 . 3 4 3 2 8  - -  1 -75275 0 . 8 1 0 3 9 6  - -  3 . 2 5 6 6 8  

0 " 9 5 5 - 1 " 3 5 3  3"56349  - -  2 . 4 6 4 7 3  0 - 8 4 2 9 4 8  - -  0 . 2 4 6 0 0 0  

0 .00  - 0 . 2 5  3 . 3 3 2 2 0  - -  0 . 0 2 0 6 5 5 4  - -  4 -60561  - -  8 . 9 8 1 4 6  
0 .15  - 0 . 4 0  3 .35941  - -  0 . 6 3 8 2 9 0  0 . 4 6 2 5 6 8  - - 2 6 . 1 2 2 0  
0 .40  - 0 . 6 5  3 . 6 1 7 5 6  - -  2 .16161  - -  2 . 3 3 0 8 8  12 .4931 
0 .65  - 0 . 9 0  5 . 8 5 5 6 0  - -  12-5933 16 .0408  - -  4 . 3 2 1 4 7  
0-90 - 1 . 1 5  2 . 7 2 8 9 9  - -  0 . 0 3 8 7 9 3 7  - -  0 - 0 7 0 9 5 4 2  - -  1 .78563  
1.05 - 1 " 3 0  2 .78551  0 . 0 5 5 2 1 2 2  - -  1 .35414  0 . 6 4 1 6 3 2  

0-00 - 0 . 2 5  3 . 4 0 1 2 0  0 . 0 6 5 2 9 4 5  - -  1 2 . 9 7 9 4  4 8 . 3 0 9 3  
0-25 - 0 . 6 0  3 . 1 2 9 7 6  2 . 9 0 6 6 4  - - 2 1 . 8 0 8 3  5 1 . 4 7 3 8  
0 .60  - 1 " 1 0  3 . 6 2 0 6 7  - -  1 .74586  - -  1 .08681 1 .35317  
0-80 - 1 . 3 0  4 . 0 0 0 9 7  - -  3 . 1 0 1 1 3  0 . 2 2 3 6 6 4  1 .76793  

0 .00  - 0 . 2 5  3 -78419  - -  0 . 0 0 6 4 4 9 6 5  - -  4 . 7 6 1 5 7  - -  5 . 0 7 4 0 2  
0 .05  - 0 - 3 0  3 . 7 8 2 4 9  0 - 0 7 1 0 5 7 9  - -  6 .03485  4 . 5 4 9 2 8  
0 .30  -0.55 3 . 6 4 5 7 7  2.32352 - 2 0 . 9 9 2 7  5 3 . 7 3 3 9  
0-50 - 0 . 7 5  4 . 0 8 4 7 8  - -  2 . 1 7 8 9 5  - -  1 .07425  7 .98901  
0 .75  - 1 . 0 0  4 . 2 3 8 8 6  - -  3 -58108  5 . 3 0 1 4 6  - -  6 . 6 6 9 4 3  
1 .00 - 1 - 2 5  8 . 2 4 8 2 7  - -  15 .6709  16 .2633  - -  6 . 4 0 0 0 0  

1.05 - 1 " 3 0  3 . 3 4 8 2 0  - -  0 . 1 6 7 5 7 8  - 0"820505  0 . 1 2 2 6 2 8  

0 .00  - 0 . 2 5  3 . 8 2 8 6 4  0 . 0 1 3 0 8 1 4  - -  8 . 9 0 0 8 7  5 . 2 2 8 0 5  
0 .05  - 0 . 3 0  3 . 8 2 0 2 8  0 . 3 9 4 7 5 6  - -  15 .1631 52 .4921  
0 .30  - 0 . 5 5  3 . 7 5 1 4 9  0 - 1 6 4 6 6 2  - -  6 . 7 4 5 7 4  11 .8152  
0 .50  - 0 . 7 5  3 . 6 3 8 5 9  0 . 2 0 8 4 0 9  - -  4 . 3 1 6 9 7  5 .24461  
0 .75  - 1 . 3 0  U s e  s a m e  c o e f f i c i e n t s  g i v e n  f o r  P d  ++ a b o v e  t o  c o v e r  t h e s e  r a n g e s  

5 4  

- - 1 2 . 0 3 9 7  

- -  0 . 5 9 6 8 7 5  
- -  4 . 3 8 5 8 3  

0"172529 

1 0 6 . 0 4 2  
3 0 . 4 3 3 5  

- -  0 - 3 8 1 4 9 8  
- -  1 . 8 3 5 6 0  

7 3 . 8 1 6 4  
- -  8 2 . 1 7 9 5  
- - 1 8 . 6 3 7 6  

- -  0 . 3 0 8 5 5 3  

- - 3 0 3 . 1 6 6  
- -  2 1 . 0 7 5 3  

2 . 6 5 4 7 9  
- -  0 - 3 7 6 1 5 4  

12 .8878  
120.222 

- -  5 . 9 4 9 6 9  
0 - 9 0 2 0 0 6  

5 4 . 6 4 5 9  
- - 3 7 . 3 2 3 7  
- -  2 5 . 8 1 0 2  
- -  13 .6603  
- -  0 . 0 0 3 1 9 6 1 8  

0 . 0 8 1 7 4 7 3  

173-529  
94 .3251  

- -  1-16501 
4 . 7 5 3 9 5  
0 . 4 0 1 5 3 8  

6 3 . 0 4 7 9  
7 8 . 7 2 6 3  

- -  17 .9821 
- -  7 . 2 9 5 5 0  

1 .70471 
- -  0 . 0 0 1 7 2 3 1 5  

- -  75 -2946  
- -  6 1 . 8 3 4 8  

0 - 1 7 3 9 7 2  
- -  1 .06385  

4 8 . 2 7 4 8  
14-2997 

- -  6 4 . 3 9 2 7  
--  11 .3799  

4"71156  
- -  0 - 4 0 0 0 0 0  

0 . 2 4 5 5 7 0  

92 -9772  
--  7 3 . 6 5 9 7  
-- 7 . 0 8 8 8 0  
- -  2 . 2 4 9 4 8  
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4 0 . 8 4 9 7  
- -  3 . 7 8 2 4 5  

1 - 9 3 4 5 0  
- -  0 . 1 3 5 5 9 2  

- -  1 4 1 . 6 3 7  
- - 2 7 . 6 9 6 3  

1 -26506  
1 -21663  

- -  9 8 - 1 5 7 9  
3 3 . 9 3 7 1  

4 . 9 1 6 9 8  
0 . 0 9 7 6 9 6 1  

2 3 9 . 1 3 5  
1 0 . 0 2 9 0  

- -  0 . 7 4 9 3 5 7  
0 . 3 3 0 0 0 0  

- -  7 7 . 9 0 8 3  
- - 5 7 . 8 6 1 2  

1 . 6 6 1 1 6  
- -  0 . 5 2 8 6 2 2  

- -  7 3 . 2 7 4 2  
14 -8284  
1 1 . 8 1 0 3  

9 - 0 1 2 1 4  
0 . 0 0 1 6 7 3 7 4  

- -  0 - 0 1 5 8 4 2 5  

--  140 .092  
- -  73 -7433  

0 . 3 8 6 1 5 2  
- -  1 . 9 7 8 0 0  
- -  0 . 1 8 0 0 0 0  

- -  87 -0613  
- -  6 9 . 5 5 9 3  

8 . 8 0 7 6 9  
4 . 4 1 7 2 4  

- -  0 - 4 5 2 6 5 7  
- -  0 . 0 4 2 3 4 8 6  

18-9993  
3 0 . 1 4 6 3  

- -  0-324481  
0 . 1 6 3 0 0 8  

- -  6 3 . 5 3 ~ 4  
- -  18-2214  

2 9 - 7 6 8 5  
5 . 3 6 5 5 8  

- -  1 .36086  
0 - 6 0 0 0 0 0  

- 0 . 0 8 8 4 7 4 7  

- 196 .981  

2 4 - 9 8 0 6  
0 . 0 0 5 3 4 8 6 6  
0 - 0 9 1 9 9 8 8  

S u g g e s t e d  a p p l i c a t i o n s  

Initial stages of structure determination 

I n  a d d i t i o n  t o  t h e  a n a l y t i c  a p p r o x i m a t i o n  o f  t h e  a t o m i c  

s c a t t e r i n g  f a c t o r ,  e q u a t i o n  (1)  i s  w e l l  s u i t e d  t o  t h e  r e a d y  

c a l c u l a t i o n  o f  a n o t h e r  q u a n t i t y ,  t h e  u n i t a r y  a t o m i c  

s c a t t e r i n g  f a c t o r ,  w h i c h  h a s  w i d e s p r e a d  a p p l i c a t i o n .  

P a t t e r s o n  ( 1 9 3 5 )  s u g g e s t e d  t h a t  t h e  u n i t a r y  a t o m i c  
A 

s c a t t e r i n g  f a c t o r ,  f 0 ,  f o r  a g i v e n  s t r u c t u r e  b e  c a l c u l a t e d  

f r o m  t h e  e x p r e s s i o n  



S H O R T  C O M M U N I C A T I O 2 q S  53 

Tab le  3. Tabulated and calculated values o f f  o for  zinc (0 <_ sin 0/~ <_ 1.30) 

sin 0/~ f0 (tab.) 

0.00 30"00 
0.05 29.30 
0.10 27.63 
0.15 25.67 
0.20 23.74 
0.25 21.88 
0.30 20.11 
0-35 18.41 
0.40 16-83 
0.45 15.38" 
0.50 14.05 
0.55 12.86" 
0-60 11.84 
0-65 10.93" 
0.70 10.15 
0.75 9.48* 
0.80 8.90 
0.85 8.41" 
0.90 7.99 
0-95 7.63* 
1.00 7.32 
1.10 6.81 
1.20 6.40 
1.30 6.04 

Forsyth & Wells Least-squares fit 
(1959) with equation (1) 

: ^ 

fo (talc.) ]/Ifo/fo[ % fo (eale.) [Zlfo/fo[ % 

29"78 0"73 30"00 0"00 
29.26 0" 14 29" 11 0"65 
27"84 0"76 27"63 0"00 
25.87 0"78 25.81 0-55 
23.75 0.04 23.86 0.51 
21-74 0"64 21-92 0.18 
19.94 0.85 20.06 0.25 
18.34 0.38 18-33 0"43 
16.89 0"36 16"74 0"53 
15.54 1.04 15-32 0"39 
14.26 1.49 14.04 0"07 
13"08 1"71 12"90 0.31 
11"98 1.18 11"89 0.42 
11.00 0"64 10-99 0"55 
10.13 0.20 10-21 0"59 

9.37 1"16 9"52 0"42 
8.73 1-91 8.92 0.22 
8-20 2.50 8"40 0"12 
7.77 2.75 7.96 0"38 
7.42 2-75 7"59 0"52 
7.15 2.32 7.28 0"55 
6"78 0.44 6"81 0"00 
6"57 2"66 6'44 0"63 
6.46 6"95 6"02 0"33 

0.18 0.07 
(I/N (%) 0-59 0-23 

(%) 1.43 0.36 

* These tabulated f0 entries are interpolated values calculated with the unique polynomial coefficients of Table 2. 

t h e  s u m m a t i o n ,  as usual ,  be ing  over  t he  con t en t s  of t h e  
u n i t  cell. As this  is on ly  a n  a p p r o x i m a t i o n ,  a n  equa l ly  
va l id  r e p r e s e n t a t i o n  is g iven  b y  t h e  geome t r i c  m e a n  

,, / P \ l l P l /  P \lIP V P -]lI.P 

:o llY#') = 

E q u a t i o n  (4) differs b u t  s l ight ly  f rom (3) for s t ruc tu re s  
c o n t a i n i n g  a t o m s  of a b o u t  t he  s ame  a t o m i c  n u m b e r ,  a n d  
i t  is j u s t  in  such  cases t h a t  t h e  a p p r o x i m a t e  concep t  of 
t h e  u n i t a r y  a t o m i c  s ca t t e r i ng  fac to r  bes t  applies .  Now,  
e q u a t i o n  (1) can  be  w r i t t e n  as 

f o / / N / =  exp a/kx k (5) 

w h e r e  t h e  sub- index  j has  been  a d d e d  to  des igna t e  t he  
a t o m i c  species.  S u b s t i t u t i n g  e q u a t i o n  (5) in to  (4) y ie lds  

f0 ~ exp [ ( I /P )  ~ aikx ~] = exp flkx k (6) 
i = l  k = l  

w h e r e  
P 

fl~ = (1 /P)  ~ ,  ajk; f lo=O . (7) 
(k.o) i=1 

Thus ,  f0, can  be  s imp ly  a n d  r ap id ly  ca l cu l a t ed  us ing  
e q u a t i o n  (6), an  express ion  of t h e  s a m e  fo rm  as (1). 
T h e  ilk's, t h e  n e w  leas t - squares  p a r a m e t e r s ,  a re  de r ived  
by  t a k i n g  t h e  a r i t h m e t i c  m e a n  of t he  co r r e spond ing  least-  

squares  p a r a m e t e r s  of t h e  c o n t e n t s  of t h e  u n i t  cell. 

f ,  w h i c h  inc ludes  t e m p e r a t u r e  m o t i o n ,  can  also be  d i r ec t ly  
ca l cu l a t ed  us ing  e q u a t i o n  (6) if t h e  aj2's are  f i rs t  m o d i f i e d  
b y  s u b t r a c t i o n  of t h e  n a t u r a l  t e m p e r a t u r e  fac tors ,  
t h e  Bj's. F u r t h e r ,  t h e  q u a n t i t y  

P 

/=1 

useful  in s ta t i s t i ca l  work ,  can  be  ca l cu l a t ed  w i t h  suff ic ient  
a c c u r a c y  w h e n  t h e  a t o m s  in t h e  s t r u c t u r e  do n o t  differ  
g r ea t l y  in a t o m i c  n u m b e r  b y  a s l ight  m o d i f i c a t i o n  in t h e  

a b o v e  p rocedu re .  W i t h  t h e  usua l  a s sumpt ion ,  f0j ~ ~ N j ,  
we  ob ta in  

W e  the re fo re  h a v e  a v e r y  c o n v e n i e n t  a n d  s imple  com-  
p u t a t i o n a l  m e t h o d  for  s h a r p e n i n g  P a t t e r s o n  a n d  F o u r i e r  
syn theses ,  ca l cu la t ing  u n i t a r y  s t r u c t u r e  fac tors  for  use  
in inequal i t ies ,  a n d  d e t e r m i n i n g  abso lu te  scal ing con- 
s t an t s  a n d  n a t u r a l  t e m p e r a t u r e  fac tors  b y  Wi l son ' s  (1942) 
s ta t i s t i ca l  m e t h o d .  

Structure ref inement  

T h e  v e r y  a c c u r a t e  i n t e r p o l a t e d  f0 va lues  o b t a i n e d  f r o m  
t h e  u n i q u e  p o l y n o m i a l  coeff ic ients  of T a b l e  2 m a y  be  
used  for  s t r u c t u r e  f ac to r  ca l cu la t ion  in t h e  f inal  s tages  of 
s t r u c t u r e  r e f i n e m e n t .  W e  h a v e  c o m p u t e d  tab les  of f~ 
va lues  w i t h  these  coeff ic ients  for  t h e  Cu K a  r a d i a t i o n  
r ange  a t  in t e rva l s  of 0.001 in sin 2 0 ( 0 . 0 0 0 - 1 . 0 0 0 ) .  I n  
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computat ion,  it is convenient  to introduce the wavelength  
by the  use of modified coefficients, a~, where a~ = a~/A k 
so tha t  the  independent  variable becomes sin 0. 

Our tables also include f0 values corrected for dispersion 
with the da ta  of Dauben & Temple ton  (1955). 

The authors are greatly indebted  to the Rober t  A. 
Welch Founda t ion  of Houston,  Texas, for support  of 
this project.  
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During an invest igation by the  present  author  on mult iple  
scattering effects in electron diffraction, several diffracto- 
grams were taken  of evaporated carbon films in the 
thickness range 100-600 A. I t  is the purpose of this 
note  to discuss the radial distr ibution curves which were 
obtained from these diffractograms after performing 
correction for mult iple  scattering as described in a recent 
paper  (Gjonnes, 1959). The diffractograms consisted of 
a series of diffuse halos wi th  no signs of the  graphite 
crystallites occasionally observed by Cosslett & Cosslett 
(1959) from similar specimens. Apar t  from mult iple  
scattering effects no variations with film thickness were 
observed in the  diffractograms. The s(4s sin 0/2) values 
for the halos were found to correspond closely to those 
reported by Kakinoki  et al. (1957). 

The atomic radial distr ibution curve shown in Fig. 1 
was calculated from intensi ty data  in the region s = 
1 -20 /~- ' .  Normalizat ion and subtract ion of back-ground 
was carried out  according to the procedure extensively 
used by Almenningen et al. (1955) in gas investigations. 

Table 1. Observed and calculated interatomic distances 

Observed Three-dimensional network Graphite layer 

No. of No. of Aver- No. of 
r (A) atoms r (A) atoms r (A) age atoms 

1.40 1.44 2 1.45 2.9 (1.45) 3 1.52 1 

2.42 2.49 2 2"49 7 2"51 6 2"53 4 
2.80 1 

3"1 7 2.90 3 2"92 3"09 2 
3"24 4 

3"74 12-14 3"84 6 ~ 3"58 3.77 2 
[ 3.82 8 

4.32 10 
4.52 4.35 6 4-55 6 

4-75 7 
4"95 ~ 5.02 6 5"00 5 

( 5.22 6 5.17 14 

By JoN G J o N ~ s ,  Central Institute for Industrial Resarch, 

August 1959) 

As the  intensi ty at small angles was neglected, the  cal- 
culated radial distr ibution corresponds to the deviat ions 
from the even distr ibution (see e.g. Klug & Alexander,  
1954). To obtain the total  atomic distr ibution funct ion 
one mus t  therefore read the ordinate above the s traight  
line in Fig. 1 corresponding to minus the normalized even 
distribution. The r-values of the peaks in the  a/r-curve 
are tabula ted  in the first column of Table 1 together  
with the  peak areas found by decomposit ion and integra- 
t ion of a(r). The values in the  next  two columns are 
calculated for a single graphite layer with bond length 
equal to the  observed nearest  neighbor distance, viz. 
1.45 A. By comparison it is at  once seen tha t  the observed 
interatomic distances do not  fit well with a planar  hex- 
agonal layer, and it is further  noticed tha t  the observed 
nearest  neighbor distance is appreciably greater  than  tha t  
found in graphite (1.42 A). 

A t t empts  to account for those discrepancies by in- 
t rodueing variations in bond angle and deviat ions from 
planari ty  indicate the lat ter  to be considerable. I t  thus  
seems reasonable to seek an interpreta t ion of the  ex- 
per imental  radial distr ibution by  a three-dimensional  
ne twork  like those previously suggested by Gilson et al. 
(1946) or Kakinoki  et al. (1957). The distances and  
weights tabula ted  in the last two columns of Table 1 
correspond to the model  proposed by Gilson et el. (1946). 
This structure consists essentially of a mixture  of 6-rings 
and staggered 8-rings, the atomic ar rangement  around 
each 8-ring being similar to tha t  found for te t raphenylene  
by Karle & Brockway (1944). The C-C bonds wi thin  
and between the 6-rings were taken  to be 1.40 and 
1-52 A respectively and all C-C-C angles were set equal 
to 120 ° , in close agreement  with the  reported values for 
te t raphenylene.  

The agreement  between the  la t ter  model  and the  ob- 
served radial distr ibution may  be judged from Table 1. 
As a further  il lustration we have calculated a/r-curves 
for this model  and a turbostrat ie  packing (see Biscoe & 
Warren (1942) or Frankl in  (1951)) of graphite layers, 
with r =  1.45 A and an interlayer distance of 3.40 A. 


